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Some Recent Developments in Flutter of Flat Panels
HERMAN L. BOHON* AND SIDNEY C. DIXON*

NASA Langley Research Center, Hampton, Va.

The accuracy of the two-dimensional static aerodynamic approximation for flutter analyses
is investigated by comparison with results obtained on the basis of exact linearized three-
dimensional potential flow theory. For unstressed panels, these results indicate that, for
Mach numbers greater than 1.3, two-dimensional static aerodynamics is applicable over the
whole range of length-width ratios greater than 1. The theoretical boundaries are also in
good agreement with experimental data obtained from stress-free isotropic panels with
length-width ratios from 1 to 10. For stressed panels, results using the approximate aero-
dynamics differ widely from the trends indicated by experiment; use of more exact aero-
dynamics does not alter this comparison, but inclusion of structural damping improves the
correlation of theory and experiment. Experimental results for unstressed corrugation-
stiffened panels are also presented and compared with theory. In some cases flutter occurred
at dynamic pressures as low as 2% of the predicted value. An analysis of the effect of panel
boundary conditions shows that such highly unconservative predictions may result from
failure to account for the deflectional stiffness of the panel supports. Application of this
analysis to the test panels results in marked improvement in the flutter predictions.
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Nomenclature

= flutter parameter defined by Eq. (All)
= constants of integration
= panel length in x direction
= frequency parameter defined by Eq. (All)
= panel width in y direction

, C3 = coefficient defined by Eqs. (A5)
= flexural stiffness of isotropic panel
= flexural stiffness of orthotropic panel in x direc-

tion
= flexural stiffness of orthotropic panel in y direc-

tion
= twisting stiffness of orthotropic panel
= Dx/(l - M*/*v)
= Dy/(l - Wy)

= complex amplitude of panel vibration, Eq. (A9)
= structural damping coefficient
= deflectional spring constant per unit width
= spring-panel stiffness parameter, Eq. (B15)
= Mach number
= integer
= inplane loading in x direction (positive in com-

pression)
= inplane loading in y direction (positive in com-

pression)
= critical inplane load

lateral loading
-1/2

= dynamic pressure of airstream
= roots of characteristic equation, Eq. (BIO)

time
total potential energy of system
lateral deflection of panel
Cartesian coordinates of panel
assumed function describing shape of flutter

mode in y direction
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number; published in bound volume of preprints of the meet-
ing); revision received August 24, 1964.
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Vx,

function describing shape of natural mode of
vibration in y direction, Eq. (B16)

roots of transcendental equation, Eq. (B13)
(M2 - 1)1/2

mass per unit area of panel
y/b
2qa*/pDi
Poisson's ratio associated with curvature in

y and x directions, respectively
x/a
parameter defined by Eq. (B17)
parameter defined by Eq. (B15)
circular frequency

Introduction

PANEL flutter is a self-excited oscillation of the external
surface skin of a flight vehicle which results from the

dynamic instability of the aerodynamic, inertial, and elastic
forces of the system. This type of instability was supposedly
first encountered in flight by the German V-2 missiles1 and
was considered to be the cause of several failures. During
the 1950's, several experimental investigations were conducted
to verify the existence of panel flutter and to determine some
of the effects of such parameters as panel length-width ratio,
thickness, and differential pressure.1.2 During this same
period, panel flutter was the subject of numerous theoretical
investigations that, for the most part, were restricted to
semi-infinite panels or panels on many supports.3"6 Hedge-
peth's7 application of the two-dimensional static aerodynamic
approximation to the panel flutter problem greatly simplified
the analytical complexities and resulted in a differential equa-
tion that can be solved exactly for finite panels. Compre-
hensive reviews of both theoretical and experimental panel
flutter investigations conducted prior to 1960 have been
published by Fung8 and Stocker.9

During the period preceding 1960, panel flutter had been
considered more or less an academic problem of little practical
significance. However, during 1959, wind-tunnel tests indi-
cated that certain structural components of the X-15 air-
plane were susceptible to panel flutter.10, n These reports
were followed by a published compilation12 of flight flutter
results for existing aircraft which indicated that panel flutter
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had become a significant structural problem in the design of
supersonic vehicles.

The emergence of panel flutter as a significant structural
problem caused the generation of considerable experimental
and theoretical research. A partial bibliography of these
investigations is given in the references.13"26 Although the
variety of configurations studied experimentally were seldom
representative of the idealized conditions imposed by theory,
these studies have revealed major differences between experi-
ment and theory for both stressed isotropic panels25 and un-
stressed corrugation-stiffened panels.26 In addition, a third
area of concern is flutter of long narrow panels for which it
is generally thought that more refined aerodynamic theories
are necessary to predict flutter results accurately. It is the
purpose of this paper to determine whether flutter results
utilizing two-dimensional static aerodynamics are applicable
to long narrow panels and also to examine reasons for the
apparent differences between theory and experiment for
stressed isotropic panels and unstressed corrugation-stiffened
panels.

In order to assess the accuracy of the theory using two-
dimensional static aerodynamics and to determine its range
of validity, a simply supported isotropic panel has been
investigated in both the stressed and unstressed conditions.
Calculated flutter results utilizing the simpler two-dimen-
sional aerodynamics are compared with results obtained from
an analysis by Cunningham27 which utilizes three-dimensional
unsteady aerodynamics (hereafter referred to as exact aero-
dynamics) .

For unstressed panels, the comparison is used to examine
the range of Mach number M and length-width ratio a/b
for which the simpler aerodynamic approximation gives rea-
sonable results for simply supported isotropic panels. Since
considerable attention has previously been given to the
range of a/b < 1, and since other factors such as boundary
layer appear to be important in this range,28, 29 numerical re-
sults will be presented only for the range a/b ^ 1. It will
be shown that for M ^ 1.3 the approximate aerodynamic
theory is in good agreement with the exact aerodynamic
theory. In addition, it is shown that theory is in reason-
able agreement with experiment for unstressed isotropic
panels.

For stressed isotropic panels, experiment indicates that
the most critical portion of the flutter boundary occurs at
the transition from the flat unbuckled boundary to the post-
buckled boundary.17 However, theoretical results based on
the approximate aerodynamics indicate that the most critical
condition for flutter can occur at values of midplane load
considerably less than that required for buckling.22, 25 It
has been suggested that this discrepancy is due to the use
of the static aerodynamics.25 A flutter analysis of a stressed
panel utilizing the exact aerodynamics is made, and it is
found that, although damping has a pronounced effect, the
exact aerodynamics does not completely eliminate the ap-
parent discrepancies.

In addition, experimental and theoretical results for cor-
rugation-stiffened panels are presented. It is shown that
the orthotropic plate equation should give flutter results in
reasonable agreement with experiment for unstressed panels.
However, test results for corrugation-stiffened panels indi-
cate that in some cases flutter occurred at dynamic pressures
as low as 2% of the theoretical value for a simply supported
panel. This large discrepancy is attributed to the improper
representation in the theory of the flexibility of the edge
supports at the ends of the corrugations. Analyses are pre-
sented to show that because of the stiffness properties of a
corrugation-stiffened panel, the deflectional flexibility of the
edge attachments can greatly affect the flutter character-
istics. An approximate flutter analysis of this effect is pre-
sented, and for a reasonable estimate of the edge flexibility
for the experimental panels, experiment and theory are found
to be in fair agreement.

jD

40

30

20

10

r D M=l.3l EXACT AERODYNAMICS
0 M=3 j (SIMPLY SUPPORTED)

O EXPERIMENT(M=3)

FLUTTER

I I , 12

fr—— SIMPLY SUPPORTED .TWO-DIMENSIONAL
— — Tl AMPFD f STATICr, ^LAMKLU j AERODYNAMICS

a—|

NO FLUTTER

4 6
a
¥

10

Fig. 1 Theoretical and experimental flutter results for
flat isotropic rectangular panels with no midplane stress.

Comparison of Flutter Results from
Approximate and Exact Aerodynamics

Hedgepeth's paper7 utilizing two-dimensional static aero-
dynamics made several comparisons with results obtained
from more refined aerodynamics. He found good agree-
ment between the results for two-dimensional (strip theory)
and three-dimensional (surface theory) static aerodynamics
when fi(b/a) ^ 1; he did not consider the case for j8(6/a) < 1.
He also compared his results with the results of a two-mode
analysis that took into account unsteady effects for both the
two- and three-dimensional theories for values of a/b of
0 and 1. The results based on unsteady aerodynamics agreed
well with the results based on the static approximation for
values of M greater than somewhere between (2)1/2 and 2.
The results based on three-dimensional unsteady aerodynam-
ics were for an array of panels.

The flutter analysis recently formulated by Cunningham27

permits investigation of single finite panels using exact three-
dimensional unsteady aerodynamics. Because of the com-
plexity of the problem, the analysis is of the modal type
requiring high-speed computing machines. In this paper
the exact aerodynamics is employed to examine the useful
range in Mach number and length-width ratio (for a/b ^ 1)
of the closed-form solution based on two-dimensional static
aerodynamics for unstressed panels. In addition, a flutter
analysis is made to determine whether the use of exact aero-
dynamics alters the trends indicated by the two-dimensional
static aerodynamic approximation for stressed panels.

Unstressed Panels

Some theoretical and experimental results for flat rectangu-
lar panels are shown in Fig. 1 in terms of the panel flutter
parameter (2ga3//3D)1/3 and the panel length-width ratio
a/b. The panels are stress free, and the flow is as indicated
in this figure. The solid curve represents the flutter bound-
ary for panels simply supported on all edges, as given by
HedgepethV closed-form solution of the differential equation
based on two-dimensional static aerodynamics. The dashed
curve represents the flutter boundary obtained from an
analysis by Houbolt30 utilizing the same aerodynamic ap-
proximation for panels clamped on all edges. The square
symbols represent flutter points calculated by Cunningham27

for simply supported aluminum-alloy panels at sea level for
a Mach number of 1.3. The diamond symbols represent
flutter points obtained by Cunningham's method for the
same panels but at a Mach number of 3.0.

The results of the closed-form solution, based on the ap-
proximate aerodynamics, show that for unstressed panels the
critical flutter boundary always results from the coalescence
of the frequencies of the two lowest natural modes of vibra-
tion. The unlabeled diamond symbols shown in Fig. 1 also
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Fig. 2 Variation of (2qbs/(3D)}/3 with a/b obtained from
both exact and two-dimensional static aerodynamics for
simply supported rectangular panels with no midplane

stress.

correspond to a "mode 2,1" boundary. (In this discussion,
the flutter boundaries obtained from the exact aerodynamics
will be described by reference to the two most predominant
vibration modes in the flutter mode shape.) For a/b > 6
the exact aerodynamics indicated that higher-mode bound-
aries could become the critical boundaries, as indicated at
a/b = 8 and 10 by the labeled diamond points. (The sub-
scripts indicate the dominant modes.) However, it is felt
that this result is attributable to nonconvergence of the solu-
tion. At present, Cunningham;s method is programed for
computation at the NASA Langley Research Center so as
to employ a maximum of 12 modes. Thus, for example, a
"mode 11, 12" boundary would not be expected to converge
fully, whereas a "mode 2, 1" boundary would be more
nearly converged. When less than 12 modes were used in
the analysis, the flutter boundaries were raised as the number
of modes used in the analysis was increased. Calculations
were made for a/b of 10 using modes 3 through 14. These
calculations raised the "mode 11, 12" boundary considerably
and probably resulted in a more converged solution. In
addition, Hedgepeth has shown for the approximate aero-
dynamics that, when an insufficient number of modes is used
in the analysis, the resulting flutter boundary is lower than
the boundary obtained from the closed-form solution (pro-
vided an even number of modes is used). For these reasons
it was felt that the "mode 2, 1" boundary results (the un-
labeled diamonds) at a/b of 8 and 10 more nearly represent
the converged solution.

For a/b ^ 6, the modal solution, based on the exact aero-
dynamics, is considered to be well converged. For this
range of a/b, the results obtained from Hedgepeth's solution
are in excellent agreement with the flutter results obtained
using exact aerodynamics. The differences in the results
given by the exact and approximate aerodynamic theories
are considered to be a measure of the three-dimensional
and unsteady effects. At a/b of 4 (Fig. 1) the exact aero-
dynamics indicates a variation of (2qa*//3D)113 of approxi-
mately 7% as M is varied from 1.3 to 3, with the results ob-
tained for M = 3 essentially identical to the results obtained
from the closed-form solution. Thus, the three-dimensional
and unsteady effects are seen to be small. However, some
unpublished results obtained by Cunningham for a/b of 1 (not
shown in Fig. 1) indicate a variation of (2qa*//3D)lt3 of ap-
proximately 30% as M is varied from 1.3 to 3; again the
results for M = 3 are essentially identical to the results ob-
tained from the closed-form solution. Hence, it may be
expected that the three-dimensional and unsteady effects are
important in the low Mach number range for a/b ^ 1. The
Mach number effect given by the approximate aerodynamic
theory is, of course, accounted for only by the ordinate
parameter.

For a/b ^ 6 the results obtained from the closed-form
solution are also in excellent agreement with the "mode 2, 1"
results shown from the exact aerodynamic theory. Although
the question of convergence of the solutions exists, even the
lowest of the other boundaries obtained from the exact aero-
dynamics were also in fair agreement with the closed-form
solution, differing at most by 8% at a/b of 8 ("mode 3, 4"
boundary) and 18% at a/b of 10 ("mode 11, 12" boundary).
Hence, at least fair numerical agreement is shown for M as
low as 1.3 and a/b as large as 10 (or (l(b/a) of 0.083).

The circles in Fig. 1 represent published17"21 and unpub-
lished experimental flutter points for isotropic panels obtained
at a Mach number of 3.0. The experimental data shown are
for essentially flat panels tested under aerodynamic heating
conditions. In general, these points were obtained from
tests that involved thermal midplane stresses, but data were
obtained sufficiently close to zero thermal stress that an
extrapolation could be made to get essentially zero stress
flutter points. The data shown are for clamped edges and
edges intermediately between simply supported and clamped.
The scatter in the data shown is probably due in part to
difficulties in extrapolating to zero stress points. Such scatter
is fairly typical of panel flutter experiments when data are
obtained from a variety of configurations. However, con-
sidering the entire range of a/b from 1 to 10, the agreement
between theory and experiment must be considered reason-
able.

It would be difficult to determine from Fig. 1 the trend of
the results for a/b > 10. A better insight can be obtained
by redefining the flutter parameter in terms of the panel
width instead of length and plotting this parameter (2g63/
/3D)1'3 as a function of a/b, as is shown in Fig. 2.

The solid curve is the boundary obtained from Hedgepeth's
closed-form solution of the governing differential equation
and indicates that the dynamic pressure for flutter is essen-
tially independent of length for a/b > 10. Calculations from
exact aerodynamics (indicated by the square and diamond
symbols) suggest the same thing; hence, it would appear
that for M ^ 1.3, two-dimensional static aerodynamics is
applicable for any unstressed panel over the entire range
a/b > 1.

Figure 2 also illustrates the validity of a useful simplified
method for the calculation of the flutter parameter. Mov-
chan31 pointed out a solution to the differential equation
which corresponds to a natural mode of vibration under
airflow where the motion is stable. That is, the airflow
corresponds to a speed less than the flutter speed. This
solution, which is referred to as the "preflutter" solution,
leads to the following simple algebraic equation rather than
the complex transcendental equation required for the com-
plete solution

- A)
— xA1/2

where, for simply supported isotropic stress-free panels,

A = ~

(1)

Results from Eq. (1) are shown by the dot-dashed curve in
Fig. 2, which is in very close agreement with Hedgepeth/s
solution; in fact, for a/b > 2, the two virtually coincide.
Thus, for the range of M and a/b for which two-dimensional
static aerodynamic theory is valid, the critical value of the
flutter parameter for unstressed isotropic panels can be readily
obtained from Eq. (1). Based on the comparison of theory
with experiment shown in Fig. 1, the results so obtained
should be fairly accurate.

Stressed Panels

The results just presented suggest that the trends obtained
from analyses utilizing two-dimensional static aerodynamics
are essentially correct, particularly for moderate values of
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a/6 and large values of M. However, it appears that for
stressed panels the theoretical trends are often not correct.
For example, it has been shown25 that for no damping, two-
dimensional static aerodynamics predicts zero dynamic
pressure required for flutter of stressed panels whenever the
compressive midplane load has caused the two lowest panel
vibration frequencies to be equal. In addition, the theory
indicates changes in flutter mode as the compressive load
increases, although such changes have not been observed
experimentally. Although the inclusion of aerodynamic and
structural damping removes the zero dynamic pressure points,
the over-all trends are otherwise unaltered. On the other
hand, experimental flutter boundaries17"21 display none of
the anomalous behavior associated with coincidence of the
theoretical frequencies. It has been suggested that this
discrepancy between theory and experiment for stressed
panels is due primarily to the use of static aerodynamics.25

Thus, it would be interesting to consider some results for
stressed panels based on exact aerodynamics which, of
course, includes the unsteady effects.

Figure 3 shows theoretical results obtained from both the
two-dimensional static and exact aerodynamics for a simply
supported panel. The panel length-width ratio is 4 and
Ny = 0. The exact aerodynamics results were obtained
from a six-mode solution and are based on aluminum-alloy
panels at sea level at M = 3.0; this value of M corresponds
to the value at which most published experimental data for
stressed panels have been obtained. The results are pre-
sented in terms cf the flutter parameter (2#a3//iD)1/3 and
the ratio of the midplane compressive load to the critical
value required for buckling NX/NX, cr. The solid curve
represents the results obtained from Hedgepeth's solution
based on the approximate aerodynamic theory; the numbers
on the curve indicate the modes that coalesced for flutter.
As can be seen from Fig. 3, zero values of the flutter parameter
occur at values of NX/NX, cr of approximately 0.58, 0.71,
and 0.89, and the flutter mode changes from a combination
of modes 1 and 2 to a combination of modes 3 and 4.

The circles on Fig. 3 represent flutter points obtained from
exact aerodynamics for no structural damping. As can be
seen, these results are in excellent quantitative agreement
with the results based on the approximate aerodynamic
theory, except near the critical values of NX/NX, cr where the
aerodynamic damping, which is included in the exact theory,
tended to eliminate the zero-dynamic-pressure flutter points.
The exact aerodynamics also indicated changes in flutter
mode similar to the changes given by the closed-form solu-
tion. Thus, the use of exact aerodynamics has little effect
on the differences between theory and experiment for flutter
of stressed panels. The dashed and dot-dashed curves shown
in Fig. 3 represent results obtained from the exact aerody-
namics for values of the structural damping coefficient of 0.01
and 0.025, respectively. As can be seen, structural damping
also has a large effect near regions where the approximate
aerodynamics predicts zero values of the flutter dynamic
pressure. This same trend was observed for the approximate
aerodynamic theory when damping was added to the analy-
sis.25 The inclusion of damping in the analysis tends to
smooth out the saw-toothed-like boundary (NX/NX, cr >
0.5), and the resulting flutter trends might be considered
to be in qualitative agreement with existing experimental
boundaries. However, the large values of damping neces-
sary to obtain this agreement suggest that other factors,
such as boundary layer, differential pressure, and initial im-
perfections must be considered if the discrepancies are to
be removed.

It should be pointed out that most experimental investiga-
tions of stressed panels did not include measurements or
control of the boundary layer or initial imperfections and
considered differential pressure in an approximate manner,
if at all. In addition, the panels were usually subjected to
nonuniform temperature increases and the stress distribu-

tions are imperfectly known, at best. Thus, a need for more
refined experimental data to serve as a guide for future
theoretical investigations is obvious.

Flutter Results for Orthotropic Panels

The use of orthotropic panels, and, in particular, corruga-
tion-stiffened panels, has had widespread application in de-
sign of exposed skin components of supersonic and re-entry
types of vehicles. Although the general practice of orienting
the corrugations normal to the airstream results in a panel
much more susceptible to flutter than the same panel with
corrugations in the direction of the stream, the flutter dynamic
pressure given by theory may still be considerably greater
than that for an isotropic panel of equal weight. However,
it will be shown below by recent experimental results for
corrugation-stiffened panels that direct application of con-
ventional theory gives highly unconservative results. Since
the results reported in the foregoing indicate that the ap-
proximate aerodynamics of the conventional theory prob-
ably does not account for this discrepancy, another potential
reason will be considered in some detail.

Comparison of Theory and Experiment

As was noted previously, application of Cunningham's27

flutter solution using exact aerodynamics (see Fig. 1) re-
vealed that two-dimensional static aerodynamics is useful
over a much greater range of length-width ratio than was
previously expected. It was also shown that for negative
values of A, Movchan's31 preflutter solution predicts the
flutter speed adequately (see Fig. 2). Thus, since cor-
rugation-stiffened panels are represented by large negative
values of A, Movchan's solution will be used for comparison
with experiment.

Some recent experimental data are compared with the pre-
flutter solution in Fig. 4 on a plot of the dynamic-pressure
parameter (2,qa3/j3Di)11* and the stiffness parameter A.
The theoretical results for orthotropic panels can be shown16

to be the same as for isotropic panels if D is replaced by A
(the streamwise flexural stiffness) in the ordinate parameter
and the stiffness ratio Dxy/Di is used in the abscissa param-
eter.

The curve is the theoretical flutter boundary based on the
preflutter solution for simply supported edges. The symbols
represent experimental flutter results for unstressed panels.
The diamond symbol is a flutter point for a square corruga-
tion-stiffened panel tested at a Mach number of 1.87.32 The
two square symbols represent data on corrugation-stiffened
panels with geometric length-width ratios of 1.5 and 10 ob-
tained from wind-tunnel tests at Mach 3 on the full-scale
X-15 vertical stabilizer.11 The other symbols represent
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Fig. 3 Comparison of results obtained from exact and
two-dimensional static aerodynamics for flat panel sub-

jected to midplane compressive load.
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published26 and unpublished data obtained from corrugation-
stiffened panels at Mach number 3.0 with length-width ratios
of 1.0. As can be seen, the theoretical predictions for
orthotropic panels are highly unconservative; the difference
between theory and experiment increases rapidly as A in-
creases negatively.

The large discrepancies shown probably cannot be ex-
plained on the basis of a single parameter. It appears now,
however, that the exact aerodynamics will not eliminate the
problem. Further, the panel stiffnesses A, A, and Dxy
are believed to be known adequately. These stiffnesses were
calculated by the method developed by Stroud33 in which
experimental verification of the theoretical results is shown.
Inclusion of the effects of finite transverse shear stiffness has
been shown13 to have a significant effect on the flutter pre-
dictions if shear deflections are important compared with
bending deflections. However, preliminary calculations of
these stiffnesses for the panels represented in Fig. 4 indicated
that shear deflections would not be significant and, thus,
theory that neglects transverse shear stiffness should be valid.

The large discrepancies between theory and experiment
may, however, be explained by the differences between the
idealized boundary conditions assumed in the theory and
the actual edge restraint imposed by the panel supports.
Because of the nature of the construction of corrugation-
stiffened panels, the corrugations seldom extend the full
width of the panel, and the entire cross section is not firmly
anchored at the support. In practice, attachment of the
edges of corrugation-stiffened panels may be similar to those
illustrated in Fig. 5a where the corrugations hang freely at
the edge (open end) or are crushed to the flat outer skin
(closed end). Usually the attachment to the support is
made only through one or two sheet thicknesses and, thus,

7777^-
OPEN END CLOSED END

a) EDGE ATTACHMENTS OF CORRUGATION STIFFENED PANELS

b) DEFLECTIONAL BEHAVIOR OF OPEN END ATTACHMENT

y

c) IDEALIZED PANEL CONFIGURATION

Fig. 5 Actual and idealized edge attachment for corruga-
tion-stiffened flutter panels.

Fig. 6 Exact vibration frequencies for orthotropic panel
simply supported on two edges as a function of deflectional

spring stiffness (fj,x — 0).

the panel can experience localized deflections in the vicinity
of the edges in a manner similar to that indicated in Fig.
5b. Therefore, instead of zero deflection at the edge, the
panel can be considered to be attached to deflectional springs
with stiffnesses that may be quite small compared with the
maximum flexural stiffness A of the panel. The idealized
panel configuration shown in Fig. 5c (simply supported on the
leading and trailing edges and supported by deflectional
springs on the other two edges) is analyzed for flutter^and
discussed in the following sections.

Effects of Deflectional Spring Supports

Analysis

In Appendix A the method of Kantorovich34 is employed
to obtain the governing differential equation and boundary
conditions for flutter of orthotropic panels simply supported
on the leading and trailing edges and supported by deflec-
tional springs along the streamwise edges. The method
involves the assumption of a cross-stream mode shape that
is integrated over the panel width. Thus, the coefficients
of the resulting ordinary differential equation [Eq. (A10)]
are functions of the assumed cross-stream mode shape [see
Eqs. (A5)]. This differential equation, which can be solved
exactly, describes the problem in an approximate manner
and is correct only when the edges parallel to the airflow
are simply supported. However, satisfactory solutions can
be obtained for other boundary conditions, provided that the
assumed mode shape is a good approximation to the actual
deflection. The cross-stream mode shapes used herein were
obtained from the natural vibration modes of the panel which
are calculated in Appendix B.

The results of the vibration analysis can also be used to
give further insight into the flutter characteristics of ortho-
tropic panels supported on deflectional springs. The vibra-
tion frequencies for modes having one half-wave in the y direc-
tion and ra half-waves in the x direction are shown in Fig. 6
as a function of the panel stiffness for various values of the
spring stiffness. The curves shown were obtained upon
solution of the transcendental equation (B140 of Appendix
B. The line for an infinite spring stiffness (K = 90) gives
the frequencies for a panel simply supported on all edges.
As K takes on smaller finite values, the panel frequencies are
seen to decrease rapidly; for K = 0 (lateral edges com-
pletely free) the solution reduces to (neglecting Poisson's
effect) that for a simply supported beam of stiffness A- As
can be seen from the figure, for small values of the spring
stiffness (K « 1, which is typical of some of the panels
tested) the panel approaches the vibration behavior of a
beam. This result may have a very pronounced effect on
the flutter characteristics of corrugation-stiffened panels
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oriented such that the flexural stiffness D2 is greater than
A or, in general, for panels having large negative values of
A. That such is the case can be illustrated by an example
from Fig. 4. Consider a square simply supported (K = °°)
panel at A = —1500; the predicted flutter parameter is
(2qa*/pDi)l/*_ = 95. It can be shown that a beam is repre-
sented by A = 0. Thus, this same panel, if it were not
supported along the edges (K = 0), would have a value of
the flutter parameter (2ga3//3A)1/3 = 7. In other words, if
K is small enough that the panel behavior is more like a beam
than a simply supported panel, there can result a change of
several orders of magnitude in dynamic pressure required for
flutter. However, for a geometrically similar (a/b = 1) iso-
tropic panel, A = — 2 when K = &>, and the difference be-
tween the result for a beam and the result for a simply sup-
ported panel is relatively small.

Theoretical flutter results and comparison
with experiment

Theoretical flutter results are corrected for finite deflec-
tional springs, as shown in Appendix A. The solution is
seen to be identical to that for an isotropic panel, provided
the parameter A is redefined according to Eq. (All). For
the case of zero stress, A is given by (neglecting Poisson's
ratio)

(2)

i.o

7T2Co A

The coefficient Cs/ir^Co is a function of the mode shape as
indicated in Eq. (A5); for the natural vibration modes de-
rived in Appendix B, CZ/TT^CQ varies with the spring stiffness
parameter Ky as indicated in Fig. 7. As K approaches oo ;
Cs/ir^Co approaches 1, and A corresponds to a simply
supported plate; if there is no support at the lateral edges
(K = 0), CV7r2(7o is zero, and A is then zero corresponding
to a beam.

From Fig. 7 it can be seen that, in orderjbo apply the results
to panels having intermediate values of K, it is necessary to
specify an additional parameter [m(b/a) ]2(Dxy/D%) where
m is the longitudinal mode number in the vibration analysis.
It seems reasonable to pick a mode number m corresponding
to the mode that contributes most to the deflection of the
flutter mode. This mode number was considered to be that
nearest twice the panel length-width ratio, such that the
parameter [m(b/a)] = 2.

The results of the analysis of the deflectional spring effect
have been applied to the experimental data from Fig. 4 and
are shown in Fig. 8; note that the abscissa parameter A now
contains the coefficient Cs/7r2Co. The open symbols repre-
sent the location of the experimental data if all panel edges
were simply supported (that is, if Cs/ir^Co = 1.0). The
solid symbols with the band represent the approximate loca-
tions of the data when the deflectional spring effect is taken
into account. Unfortunately, the experimental investiga-
tions were not conducted to evaluate the effects of deflec-
tional springsupports and, thus, the actual spring constants
for the test panels were not measured nor amenable to simple
calculations. The method used to calculate K accounts for
the reduction in flexural stiffness A near the supports as well
as the flexibility of the supports. It is felt that the assump_-
tions employed in the spring calculations yield values of K
probably greater than actual values; therefore, a minimum
value for K was chosen arbitrarily as one-half the calculated
K. Use of these two values of K and the parameter [m(b/a) ]
= 2 allows the test results to be plotted as a band covering
a range of A. It is worth noting that, prior to the flutter
tests, frequency measurements were obtained for the first
few modes of two of the test panels. Plotting these measured
frequencies on Fig. 6 indicated corresponding values of K
reasonably close to the calculated values.

10

Fig. 7 Effect of deflectional spring on panel flutter coeffi-
cient C3/7T2C0 for various values of ri (IJLX = 0).

The salient fact is that the effect of finite deflectional spring
stiffness along the panel edges is so significant that portions of
the experimental band now lie reasonably close to theory.
Thus, although more careful determination of support stiffness
and, perhaps, a more exact analysis would have to be made
to obtain the true effect, it may be concluded that prediction
of the flutter characteristics of orthotropic panels requires
careful consideration of the edge attachments and supports.

Concluding Remarks

Results obtained from panel flutter theory utilizing exact
aerodynamics are compared with results obtained from
theory employing two-dimensional static aerodynamics.
This comparison revealed that the flutter boundary for un-
stressed rectangular isotropic panels obtained from the
simpler aerodynamic theory agreed well with the results
based on exact aerodynamics for Mach numbers M ^ 1.3
and values of the panel length-width ratio a/b from 1 to 10.
Both theories suggest that the flutter dynamic pressure is
essentially independent of length for a/b > 10. Thus, the
approximate aerodynamics appears applicable for M ^ 1.3
for the entire range of a/b > 1.0. Although exact solutions
based on the approximate aerodynamics still require con-
siderable effort, Movchan's preflutter solution is shown to
give essentially the same results with a tremendous saving
in effort. The preflutter solution yields a simple algebraic
expression for the critical flutter dynamic pressure. The
theoretical boundaries were in reasonable agreement with
experimental data obtained from stress-free isotropic panels
over the range of a/b from 1 to 10.

I20r

J_ 80

EXPERIMENT
n UNCORRECTED

CORRECTED

•THEORY (PRE-FLUTTER)

TO
A Q S = -9,600

NO FLUTTER

0 -500 -1,000 -1,500 -2,000 -2,500

Fig. 8 Comparison of theory with experimental data for
corrugation-stiffened panels when corrected for deflect-

ional spring stiffness (JJLX = 0).
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Application of the exact aerodynamics to the flutter of
stressed isotropic panels yielded results similar to those ob-
tained from theory based on the two-dimensional static aero-
dynamics. The results indicated trends that differ from the
trends shown by experiment. Although damping tended
to remove the differences between theory and experiment, it
appears that other factors (for example, differential pressure,
initial imperfections, etc.) must be considered if the discrep-
ancies are to be removed.

In contrast to the results for isotropic panels, experimental
data presented for stress-free orthotropic (corrugation-
stiffened) panels were as low as 2% of the theoretical pre-
dictions for simply supported panels. This large discrep-
ancy was attributed primarily to the use in the theory of the
idealized edge attachment normal to the corrugations. A
vibration analysis was made on orthotropic panels supported
by deflectional springs along edges normal to the corruga-
tions. This analysis showed that for small values of spring
stiffness the orthotropic panel behaved more like a beam
than a plate. Such characteristics are shown to reduce
greatly the dynamic pressure for flutter The experimental
data for the corrugation-stiffened panels, corrected for calcu-
lated values of the deflectional spring stiffnesses of the test
panels, showed marked improvement in comparison with
theory. These results indicate that careful consideration
of edge attachments of orthotropic panels is required for re-
liable flutter predictions.

Appendix A : Flutter Analysis of Orthotropic
Panels on Deflectional Spring Supports

A method commonly employed for a flutter analysis of
flat, finite panels consists of assuming a deflection function
as the product of a known function that satisfies the boundary
conditions on two opposite edges and an unknown function,
and then applying the Galerkin procedure to reduce the
partial differential equation to an ordinary differential
equation in the unknown function.25. 30 The ordinary dif-
ferential equation may then be solved directly for flutter.
However, if the edges of the panel are permitted to deflect,
a product solution cannot satisfy the boundary conditions.
Therefore, application of a Galerkin procedure may not be
valid unless special attention is given to the solution at the
boundaries. For this case a more direct approach to the
ordinary differential equation can be made by applying the
method of Kantorovich,34 which starts with the expression
for the potential energy of the system. This method will
be used in the following analysis for an orthotropic plate.

Consider the panel, shown in Fig. 5c, simply supported
on two opposite edges and supported by deflectional springs
of stiffness K on the other two edges. The panel has a length
a and width b and is subjected to inplane loads Nx and Ny
and a lateral load p. The total potential energy of the system
is written, in terms of orthotropic plate properties, as35:

I fa
z Jo

Kw* b/2

dydx +

\ r Kw* _b/2 dx (Al)
* Jo

where
A = Dx/(l - /*,/*,)
D2 = Dy/(\ - ^fJiy)

VxD2 = JJiyDl

If the deflection is assumed to be given by
w = Y(i)F(&

(A2)

(A3)

where Y is a known function and 77 = y/b and £ = x/a, the
problem is to find the function F which renders V a minimum.
Substituting (A3) into (Al) and integrating with respect to
?? gives the potential energy as

1 /„' K 1X0 + Y'(- 2')] (A4)

where
»l/2

' -1/2/

1/2 /•
F2^ ft =

-1/2 J -

/

1/2 /»l/2
FF"d77 p = I pF

-1/2 J -1/2
"dr, p

*l/2

drj (A5)

The primes denote differentiation with respect to 77 or £.
Application of the calculus of variations to Eq. (A4) leads to
the following differential equation on the function F:

jYa\4 A ft _
\\b) A Co

aW, C,
A C0

and the corresponding boundary conditions at £ = 0, 1 is

r //A 2 r> r?~ n%ATF"r —
>, (70 Dl

or dF = 0

(A7)

J

Note that simply supported or clamped edges are permissible
boundary conditions on F.

Although Eq. (A6) was derived from static considerations
only, it may also be applied to dynamic problems upon proper
substitution for the lateral loading. For supersonic flow at
Mach number M in the x direction, the following aerodynamic
and inertia loadings are substituted for p (where the aero-
dynamic loading is that given by the two-dimensional static
approximation)

2q
(A8)

where q is the dynamic pressure of the flow, 7 the panel mass
per unit area, and ft = (M2 — 1)1/2. Then, assuming the
deflection as

= Y(i)F(&e*»' (A9)

where the frequency co is real for harmonic motion and com-
plex for flutter, the differential equation (A6) can be written
as

\Ff - = 0 (A10)
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for

A =

B =

r2Di

(All)

It should be noted that the governing differential equation
(A10) is identical to that obtained by Hedgepeth7 for simply
supported isotropic panels. Therefore, the exact solution
obtained therein for simply supported leading and trailing
edges is applicable to Eq. (A10), and the results of this solu-
tion are used directly in the text to show the effect of de-
flectional spring supports on the flutter characteristics for
assumed modes Y(TI\ derived in Appendix B, corresponding
to the exact vibration modes.

Appendix B: Vibration Analysis of Simply
Supported Panel on Deflectional Springs

In this Appendix the exact vibration analysis is presented
for an orthotropic panel simply supported on two opposite
edges and elastically supported by deflectional springs of
stiffness K on the other two edges. The panel and the co-
ordinate system are shown in Fig. 5c. Neglecting in-plane
loads, the differential equation from small-deflection theory
governing vibrations of the orthotropic panel is33:

(Bl)
Solution to Eq. (Bl) must satisfy the following boundary
conditions:

w(Q, y, t) = w(a, y, t) = w,xx(Q, y, t) = w,xx(a, y, t) = 0
(B2)

(W,yy + VxW,Xx)y=±\)/2 = 0 (B3)

[^KW —— (2Dxy + HXDZ)W,XXy —— D2W,yyy]y=±\)/2 = 0 (B4)

where the subscripts comma followed by x or y denote dif-
ferentiation with respect to the indicated subscript. Equa-
tion (B4.) accounts for KirchofFs shear along the edges y =
±b/2.

For simple harmonic motion, a solution to Eq. (Bl) is taken
in the form

w = E Fm(,) sin'-̂  #* (B5)

where rj = y/b. Eq. (B5) satisfies, term by term, the
boundary conditions of Eqs. (B2). We seek then the
function Ym(rj) which will satisfy the boundary conditions
(B3) and (B4). Substituting Eq. (B5) into Eqs. (Bl, B3,
and B4) results in the following differential equation and
boundary conditions on Ym(rj):

,= ±1/2
(B7)

- 0 (B8)

where cor
2 = 7r4A/7«4 is the fundamental frequency of a

beam. The characteristic equation of (B6) is

7rV2 = 0

from which the roots of R become

where

(B9)

(BIO)

(Bll)

It can be shown that r2 ^ 0 and r: is always positive. Thus,
from Eq. (BIO) the roots are either real or purely imaginary.
Then, considering only even functions of Ym yields the
following solution to Eq. (B6):

Ym = A

where

= ri + (n2 + r2)

= -r, + (n2 +

(B12)

(B13)

Upon substitution of Eq. (B12) into the boundary condi-
tions on Ym [Eqs. (B7) and (B8)], a nontrivial solution re-
quires that the determinant of the coefficients of Am and Bm
be zero; this gives the following transcendental equation:

e(e2

where

1tane -
2i

- i/O2 tanha -

K = £ -D2 VTT

+ e2) = 0 (B14)

(B15)

Equation (B14) is solved for the roots a and e for known
values of the parameter TI and spring stiffness parameter
K. Solutions to Eq. (B14) (for ^x = 0) are shown in Fig. 6
and discussed in the text. For each root of a and e, the
corresponding mode shape Ym is

where

Ym(rj) = £TO(cose7rr7 + <p

9 =

7T
COS 6-

(B16)

(BIT)

Equation (B16) is employed in the text to show the effects
of deflectional spring stiffness on flutter predictions of ortho-
tropic panels.
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